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Abstract
It is proved that a codistributive element in an atomistic algebraic lattice has a complement, implying that kernels of the related
homomorphisms coincide. Some applications to weak congruence lattices of algebras are presented. In particular, necessary and
sufﬁcient conditions under which the weak congruence lattice of an algebra is atomistic are given.
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1. Codistributive elements in atomistic algebraic lattices
We prove the following theorem.
Theorem 1. A codistributive element s in an atomistic algebraic lattice L has a complement s′ which is distributive.
In addition:
(i) The kernels of the homomorphisms x → x ∧ s from L to ↓ s and x → x ∨ s′ from L to ↑ s′ coincide.
(ii) ↑ s′ ↓ s, under x → x ∧ s.
Recall [1] that an element s ∈ L is distributive (resp. standard) if s ∨ (x ∧ y)= (s ∨ x)∧ (s ∨ y) (resp. x ∧ (s ∨ y)=
(x ∧ s) ∨ (x ∧ y)) holds for all x, y ∈ L. An element satisfying the dual identity is called codistributive (costandard).
An element s ∈ L is cancellable if from x∧s=y∧s and x∨s=y∨s it follows that x=y, for all x, y ∈ L.An element
s ∈ L is neutral if it is distributive, codistributive and cancellable. Throughout the text, we use known properties of
these elements, listed in [1], and also the following.
Proposition 1 (Libkin [3], Radeleczki [4], Tepavcˇevic´ [7]). (i) In an atomistic algebraic lattice an element is neutral
iff it is distributive and codistributive.
(ii) Every costandard element in an atomistic lattice is neutral.
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(iii) If an element a in an algebraic lattice L is codistributive, then for every b ∈↓ a, the family {x ∈ L | a ∧ x = b}
has the top element.
Proof of Theorem 1. If s = 1 (the top element of L), the proof is obvious. Suppose s 
= 1. Let A(L) be the set of
atoms in L and A(s) the set of atoms below s. Let s′ =∨(A(L)−A(s)). We prove that s′ is a complement of s. Indeed,
s ∨ s′ =
∨
A(s) ∨
∨
(A(L) − A(s)) = 1.
Further, assume that s ∧ s′ 
= 0. As L is atomistic, there is an atom as ∧ s′. Since any atom of an algebraic
atomistic lattice is compact, there are atoms a1, . . . , an ∈ A(L) − A(s) such that aa1 ∨ · · · ∨ an. As s ∧ ai = 0, for
all i ∈ {1, . . . , n}, the codistributive property of s implies as ∧ (a1 ∨ · · · ∨ an) = 0, a contradiction.
Since s is a codistributive element, the mapping x → x ∧ s is a homomorphism from L to ↓ s. Since the lattice is
algebraic, the s-congruence class of any element y of L has a largest element (by Proposition 1(iii)), which we shall
denote by y. In particular, if b ∈↓s, then b ∨ s′ = b. Indeed, by s′s0 and bsb, we have that s′ ∨ bsb. Therefore,
s′∨bb. In case s′∨b<b there is an atom a such that ab,¬(as′) and¬(ab). Then, as and, thus, as∧b=b,
a contradiction. Moreover, for every x from a congruence class [b]s , we have that x ∨ s′ = b.
Now, let x, y ∈ L, and x ∈ [b, b] and y ∈ [c, c].We have that x∧y ∈ [b∧c, b∧c]. It is easy to see that b ∧ c=b∧c.
The distributivity of s′: (x ∧ y) ∨ s′ = x ∧ y = b ∧ c = b ∧ c = (x ∨ s′) ∧ (y ∨ s′).
We prove that the congruence s coincides with the kernel of the homomorphism x → x ∨ s′. We already proved
that from x ∧ s = y ∧ s it follows that x ∨ s′ = y ∨ s′ (=x). Suppose that x ∨ s′ = y ∨ s′. Since x ∨ s′ = s, it follows
that x = y, therefore x and y belong to the same congruence class under s .
Finally, we prove that the intervals↑ s′ and↓ s are isomorphic under x → x∧s. Since x → x∧s is a homomorphism,
it remains to prove that this mapping is a bijection from ↑ s′ to ↓ s.
Let x, y ∈↑ s′ and x ∧ s = y ∧ s. Then, by (i), x ∨ s′ = y ∨ s′ and thus x = y.
Now, let x ∈↓ s. Then, x ∨ s′ ∈↑ s′ and (x ∨ s′) ∧ s = (x ∧ s) ∨ (s′ ∧ s) = x ∧ s = x, the mapping is onto. 
In addition to Theorem 1 we obtain that s′ is the largest complement of s. However, the complement of s need not
be unique (see e.g. lattice in Fig. 1: codistributive element  has more than one complement).
Observe that by Proposition 1(i) and Theorem 1, we have the following simple fact: if a codistributive element s in
an atomistic algebraic lattice is also distributive, then the lattice is isomorphic with ↓ s× ↑ s.
Fig. 1.
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2. Application to weak congruence lattices of algebras
Next we present some universal algebraic consequences.
Recall that a weak congruence relation  on an algebraA= (A, F ) is a symmetric and transitive subalgebra ofA2.
The set CwA of all weak congruences onA is an algebraic lattice under inclusion. If  is the diagonal relation, then
the ﬁlter ↑  in CwA is the congruence lattice ConA and the ideal ↓  is isomorphic with the subuniverse lattice
SubA. IfB is a subalgebra ofA, then the interval [B, B2] is the congruence lattice ConB. Hence, CwA consists of
all congruences on all subalgebras ofA, plus ∅ if there are no nullary operations in F. Recall that an algebraA satisﬁes
the congruence extension property (CEP) if every congruence on a subalgebra ofA can be extended to a congruence
onA i.e. if for every  ∈ ConB for B ∈ SubA, there is a  ∈ ConA, such that  = B2 ∩ . An algebraA has the
congruence intersection property (CIP) if  is a distributive element in CwA.
In the paper [2], some results and problems on congruence lattice representations have been presented. In some of
the papers by Lampe cited in the mentioned paper, several problems on lattice representations have been solved. For
example, it is proved that for any two algebraic lattices there is an algebra such that its subuniverse lattice is isomorphic
to the ﬁrst and its congruence lattice to the second of the lattices. This result is closely related to the following unsolved
problem, concerning weak congruences.
Weak congruence lattice representation problem. Let L be an algebraic lattice and a ∈ L. Is there an algebra such
that its weak congruence lattice is isomorphic with L, the diagonal relation being the image of a under the isomorphism?
This problem is solved for a special class of lattices in [8]. The results obtained in the present paper concerning
atomistic lattices can enable us to solve the problem for another class of lattices. Still the general problem remains
open.
In the monograph [6] a survey of the results on weak congruence is presented; see also [5].
Lemma 1. If the weak congruence lattice of an algebraA is atomistic, thenA has at least one constant, which is not
a subalgebra.
Proof. IfA is an algebra without constants, then ∅ is the bottom element of CwA and all atoms are diagonal relations
on subalgebras. Therefore, no weak congruence which is not a diagonal relation could be represented as join of atoms,
and CwA is not atomistic. IfA has a constant which is a one-element subalgebra, the proof that CwA is not atomistic
is similar. 
Theorem 2. The weak congruence lattice of an algebraA is atomistic if and only if all the following conditions are
fulﬁlled:
1. The subalgebra lattice ofA is atomistic.
2. A has the smallest nontrivial subalgebra Bm whose congruence lattice is atomistic.
3. Every congruence on every subalgebra is the least extension of a congruence on the smallest subalgebra.
Proof. Suppose that the weak congruence lattice CwA is atomistic. Conditions 1 and 2 follow by Lemma 1 and since
the subalgebra lattice as well as the congruence lattice of the smallest subalgebra are ideals in CwA.
3. Let  be a congruence on a subalgebra B of A. Since CwA is atomistic,  is a join of (some) atoms, which
could be diagonal relations, or elements from ConBm. A join of diagonal relations is again a diagonal relation and
a join of elements from ConBm is the element from the same congruence lattice. Therefore,  = D ∨ , where
 ∈ ConBm and D ∈ SubA. Bm is the minimal subalgebra, hence D=B. In addition,  is the least congruence on
B containing , i.e.  is the least extension of . In particular, if  is a diagonal relation, then it is the least extension
of Bm .
To prove the converse, suppose that 1–3. hold. Since every congruence on every subalgebra is the least extension of
a congruence onBm, for every  ∈ ConB whereB ∈ SubA, we have that =B ∨  for  ∈ ConBm. Since SubA
is atomistic, B is a join of atoms—diagonal relations. Similarly,  is a join of atoms from ConBm. Therefore, CwA
is atomistic. 
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Lemma 1 and Theorem 2 can be formulated in terms of the above given Weak congruence lattice representation
problem. Namely, any algebra A, representing an atomistic lattice by the weak congruence lattice, fulﬁls the listed
conditions:A has constants, it has the smallest nontrivial subalgebra B and congruences on subalgebras are the least
extensions of congruences on B.
An example of an algebra whose weak congruence lattice is atomistic: letA={{a, b, c, d}, ∗, a, b, c}, where a, b, c
are nullary operations and ∗ is a binary operation given by the table. CwA is an atomistic lattice (see Fig. 1).
Theorem 3. An algebra with the atomistic weak congruence lattice has the CEP if and only if it has the CIP.
Proof.  is a codistributive element inCwA, and if an algebra has theCIP, then is distributive, aswell. By Proposition
1(i),  is neutral element, hence it is cancellable and therefore (see e.g. [6]), the CEP is satisﬁed.
On the other hand, if A satisﬁes the CEP then  is a cancellable element in the lattice CwA. Since  is also
codistributive, it is costandard [1], and since CwA is an atomistic lattice, by Proposition 1(ii)  is neutral. Therefore,
 is distributive, and the CIP holds. 
Corollary 1. If an algebraA has the CEP and CwA is an atomistic lattice, then CwA is the direct product of SubA
and ConA. In addition, ConA is also an atomistic lattice.
Proof. We apply Theorems 3 and 1. 
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